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ABSTRACT. We describe the symplectic structure and Hamil- 
tonian dynamics for a class of Grassmannian manifolds. Using 
the two dimensional sphere (S"^) and disc (D^) as illustrative 
cases, we write their path integral representations using coherent 
state techniques. These path integrals can be evaluated exactly 
by semiclassical methods, thus providing examples of localisation 
formula. Along the way, we also give a local coordinate descrip- 
tion for a class of Grassmannians. 



1. Introduction 



Recently there has been some interest in applying "localisation" theorems 
to quantum field theories The best known localisation formula for 

evaluating the integral of a p-form a on a p-dimensional symplectic manifold 
M with closed, non degenerate two form uj is given by the Duistermaat- 
Heckmann (DH) theorem [0]. The theorem states that if the form a is equiv- 
ariantly closed, i.e. d^a = {d + i^)a = and C^u = 0, then the value of the 
integral Jj^ a is given in terms of contrtibutions from points in M which are 
fixed points of the vector field x- the above, d is the exterior differential 
operator, is the inner multiplication with respect to the vector field x [ili 
and is the Lie derivative. 

A loop space extension of the DH theorem in which the localisation result 
invoves contributions from classical trajectories relates the quantum mechan- 
ical path integral in phase space to the WKB approximation. The content of 
the theorem is: when this approximation is exact? It was subsequently sug- 
gested that other localisation results are possible. In particular by choosing 
the vector field x appropriately a localistaion result was obtained in which 
only time-independent solutions to the equations of motion were involved in 
the localisation result. See and references therein. 

In this paper we consider two general classes of symplectic manifolds 
where Hamiltonian dynamics can be defined. One involes the infinite di- 
mensional grassmannian Gr and the other involves the non compact group 
U{n,m) 0. We will describe how these manifolds have coset space descrip- 
tion and arise naturally from fermionic and bosonic systems, and how they 
also provide interesting examples of localisation formula. Specifically, we 
show that path integral representation for certain traces of operators, re- 
lated to the Cartan subalgebra (CSA) of a relevent Lie group system, can 
be obtained using coherent state techniques. An evaluation of these path 
integrals using semiclassical methods give rise to the Weyl character formula 
and are then exact. The examples are shown to satisfy the conditions of DH 
theorem hence the exactness of the semiclassical methods is to be expected. 

In section 2 we set up the symplectic structures. We consider Grass- 
mannian manifolds, the Siegel disc and fiag manifolds of a certain type and 
construct the symplectic structure and the Hamiltonian H. In section 3 we 
give a local coordinate description for these grassmannian. In sections 4 and 
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5, a path integral formulation for tre is constructed using coherent state 
3chniq 



techniques |jTO[ for the special cases given by the coset spaces w/n-i and 



U(l)xU{l) 

u(i)xu{i) • then evaluate the partition function using semiclassical meth- 
ods and show that the Weyl character formula is obtained. We note that 
each term in our semiclassical evaluation corresponds to a term in the Weyl 
character formula. In section 6 we summarise our results and comment on 
them. 



2. Grassmannian as Symplectic Manifolds 

We now turn to a number of examples of symplectic manifolds. We 
start with Grassmannians. These provide examples of compact manifolds 
and shown in 0, related to an underlying free fermion theory. The 

Grassmannian Gr can be defined as 

Gr = UraGrm (1) 
where Gr^ is a set of all hermitian matrices satisfying a quadratic constraint: 
Gr^ = {p|pt = p p2 ^ ^ ^1 

The quadratic constraint implies that the eigenvalues of the operator P is or 
1. Thus it can be interpreted as occupation number and the trace condition 
as the total number of fermions. Each component Gr^ of the Grassmannian 
Gr can also be viewed as a coset space of the unitary group 

" U{m) X UiH^) ^ ^ 

where H-^ G H is orthogonal to U (m) and the group U{H) acts transitively 
on each componet of Gr^ by the action 

P ^ gPgl (4) 

To see this note that any hermitian matrix P can be diagonalised by a unitary 
transformation. There will be m eigenvalues equal to 1 and the rest equal to 
0. Thus for each P G Gr^, there is a. g E U{H) such that 



P = gPog^ (5) 
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where Pq — ^ j and is an m x m unit matrix. Furthermore, if h 

commutes with Pq then g and gh correspond to the same P. The subgroup 
of elements of U (H) that commutes with Pq is U (m) x U (H^) consisting of 
unitary matrices that are block diagonal: 




Thus there is a one to one correspondence between P e Gr^ and the coset 

U{H) 

space jj{m)xU(H^)- 

We will be interested in physical systems for which the Grassmannian is 
a phase space. To this end one can define a symplectic form — a closed non 
degenerate 2-form — which is invariant under the action of U{H). A unique 
such homogeneous symplectic form is given, upto an overall constant, by 

CO = -^trP{dP)^. (7) 

It is invariant under P — ^ gPg\ where is a constant unitary matrix, and is 
a closed 2-form. A quick way to see that oj is closed is to define $ = (1 — 2P) . 
Note that oj oc ir$(d$)^ and = 1 which implies that + = 0. 
Then, 

= -ir(d$)^$2 = (8) 

where the first equality above is due to "l?^ = 1, second due to cyclicity of the 
trace, third due to + $c?$ = and the last one is obvious. 

Since uj is homogeneous, it will be non degenerate everywhere if it is so 
at one point, say P — Pq ^ Gr^. A tangent vector U at this point is given 

by 

and hence is of the form U = {0 u) (m"!" 0). Then 

uj{U, V) = —trPolU, V] = tr{uv'' - vu''). (9) 

If cij(f/, = for all V, then U — ^ implying that lo is non degenerate. Thus 
a; is a symplectic form on Gr. 
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The symplectic structure can be represented in terms of the Poisson alge- 
bra of smooth functions. For a constant hermitian matrix ^ define a function 



It can then be shown that 

[F^,Fn]pB = 

where [ ]pb is the Poisson bracket given in terms of the symplectic form by 

[F^,F2]pB = -uJ-\dFi,dF2). 

The Jacobi Identity follows when is a closed form. Upon quantisation, 
the Poisson brackets are replaced by the commutators and the symplectic 
form uj gives the relevent commutation relations between the operators in 
the quantum theory. 

Furthermore, a vector field can be defined for a given smooth function 
F^by 

iy^u; = dF^. 

Noting that iyUJ — —^trP[V, dP], one obtains after a few simple steps 

v^-iLP]. 

This is just an infinitesimal action of U{H) on Grm- Hence, 

[F^, Fr,]pB = £v^F^%,^]. 

As an example, consider the simplest special case of a Grassmannian 
when = m = 1. Then 

Gr "^'^ - 



U(l) X (7(1) 



The projection operator P is a 2 x 2 hermitian matrix given by P = |/2 + A*^' 
where a* are the Pauli matrices. The quadratic condition P^ = P implies 
that Y./3f = ^ which describes a sphere S'^. If we choose the constant vector 
C — cr^ then the smooth function F^ is given by 

F^ = tr{^P) = z ■ f = cos 9 
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where f is the unit radial vector and 6 is the polar angle in polar coordinates. 
The symplectic two form u is given hj u = sin 6d6Ad(f). Thus is the height 
function for S"^. Upon quantisation, it can be replaced by the operator J3, 
the component of the angular momentum operator J along a given direction, 
since the remaining coordinates of S'^ are given by sin 6 cos and sin 6 sin 0, 
which correspond to the operators Ji and J2 in quantum theory. 

It is sometimes convenient to solve for $ = 1 — 2P, where P is defined in 
equation (||), by introducing explicit coordinates as in 0. For S"^ a convenient 
choice would be 



*= . . (10) 





The corresponding symplectic form u is given by 

ujzz* = (1 + zz*y^ . 



3. Local Coordinates on Grassmannian 



We now give an alternate set of natural coordinate on Grassmannian 
manifold and also on certain flag manifolds which highlight global geometrical 
features. For this we first develop a method to parametrise any element 
Un G SU (n) . We do it inductively using the fact that (i) can be thought 
of as inducing a "rotation" in n- dimensional complex space and (ii) any n- 
dimensional complex rotation can be composed by a rotation in C""^ followed 
by a rotation around n^^ complex direction in C". An element of SU{2) can 
be characterised by 

- - ( 1- ) (^^) 

where the complex numbers a and b obey aa*+bb* = 1. The above parametri- 
sation is obtained straight from the definition of SU{2), U2U2 + U2U2 = 1. 
From this we explicitly see the isomorphism SU{2) ~ S^. For SU{n), note 



that ||12[ rotation about n complex direction is generated by e where the 



n X n matrix 

^ = ( .^t ; ) (12) 
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belongs to the Lie algebra of SU{n) and F is a 1 x (n — 1) dimensional 
complex matrix. Motivated by the above facts and the form of we seek a 
parametristaion of Un £ SU (n) in the form 

" ( E ) ( -SY^ Js ) ^^^^ 

where a, Y and S are complex matrices of dimension 1 x 1, 1 x (n — 1) and 
(n — 1) X (n — 1) respectively and S G SU{n — 1) is the rotation in C"""^. 
Demanding Unu]^ + ul^Un = 1 we obtain 



(aa*l„_i + yty)-^ 

a Y 
-ESY^ a*ES 



_ a Y \ 



and the condition 

aa* + = 1 (15) 

which describes the manifold jS^""^. In 5" above, aa* is multiplied by a 
(n — 1) X (n — 1) unit matrix l„_i. One can evaluate 5" by first diagonalising 
(aa* l„_i + Y^Y) by a matrix A, i. e. , 

A(aa*l„_i + yty)A-^ = A 

where the elements of A are given by A^j = 5ij\i. S is then given by 

S = AA-5A-^ . (16) 

Note that since (aa* + Y'^Y) is nondegnerate S and hence Un is well 
defined. Thus, since E e 5'C/(n — 1) we have 

SU{n) ~ 5^"-^ ® 5?7(n - 1) (17) 

and since SU{2) ~ S^, it follows that 

SU{n) ~ 5^"-^ ® ^^"-^ ® • • • ® 5^ (18) 

Thus we have obtained an explicit parametrisation of SU{n) manifestly show- 
ing the local isomporphism of SU (n) to a product of odd dimensional spheres. 
We also note that these coordinates of SU (n) are sufficient to determine its 
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cohomolgy H*{SU (n), R), which is the same as that of S"^" ^^S*^" ^(g)- ■ -(gS^, 



because of a theorem of Hopf |11 



From the above, a group element Un E U (n) can be easily obtained as 



and we see that 

U{n) ~ ^■■■(S)S^^SK (20) 

This parametrisation of U{n) groups can be used to give coordinates on a 
Grassmannian manifold Grm,M if one is given the embedding of U (M — m) x 
f/(m) in f/(M). 

Similarly, one can also cordinatise the flag manifolds. The flag manifold 
F({mj}; M) can be described by a coset as 

F({m,}; M) = — ^ tt^^^ (21) 

^ ' U{mi) xU{m2) X ■■■ xU{mi) ^ ' 

with the condition that rrii = M. Thus given the nature of embedding 
of U{mi) X U{m2) x ■ ■ ■ x U{mi) in U{M), and using our parametrisation 
for U{n) groups, the coordinates of the flag manifold F{{mi}; M) can be 
obtained in a straightforward way. 

The final class of symplectic manifolds we consider arise when the Siegel 
disc is the phase space. In this case the manifold is not compact and can arise 
from an underlying bosonic model. The Siegel disc Dm+n can be defined as 
the space of hermitian matrices (p subject to a quadratic constraint involving 
an indefinite metric 1]. It is defined as 

Dm+n = {4>^ = 4>\ (l)^r](j) = 1]} 

where 

( -Im \ 

Note that since (f) is hermitian it can be brought to the diagonal form rj by a 
matrix g G U{m, n). Again g and gh correspond to the same (p if h commutes 
with f]. Hence we have 

_ Uim,n) 
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Dm+n is a symplectic manifold with symplectic form uo = tr{(f)'r]d(j)rid(j)ri). This 
is easily established using arguments used for the Grassmannian case. Again 
a Hamiltonian H = —tr{r]^7](j)), where ^ is a constant real diagonal matrix, 
can be defined. We will consider the simplest example of such manifolds, 
namely, Di+i = u^'Ai) - 

4. Partition Function for 5"^ 



We will now consider the path integral formulation of the partition func- 
tion for the Hamiltonian associated with the Grassmannian lJ(^^^^(^l^ — S'^. 
See also ^. As remarked in section 2, upon quantisation of this system, 
its Hamiltonian is described by the operator J3, the component of the angu- 
lar momentum J along a given direction. In quantum theory, the partition 
function is given by 

Z = tr,e-'^^^= ^ < j,m|e-'^3^|j,m> (23) 

m=-j 

where if = J3 is in the Cartan Subalgebra (CSA) of SU{2) and the subscript 
j labels the representation and T represents the total time elapsed. Divid- 
ing T into equal intervals S = j^, the partition function can be written, 
suppressing the label j, as 

N 

trj{ ) =< m| n e-'^<^"\m > . (24) 
fc=i 

Now introduce in appropriate places the factor 1 whose resolution is given 
by 

1 = J dfi{\)\\ >< \\ (25) 

where |A > are the coherent states [jlO[ given by 

|A>=e*"-^+|j,-j> (26) 

with \ j, —j > being the "ground state" annihilated by J_, i. e. J-\j, —j >= 
0. 
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Now consider 

<h{k6)\e-''3J-^\Xk+i{{k + l)S)> 

To order 5, we have 

<Afc|Afc+i> = < Xk\l + 6{idt)Xk > 

Representing \j, —j > as a tensor product of (2j) factors 



we obtain 



and 



<A,|A, >=(l + AfeA*)'^'. 
Similarly < Afc| JsjA^ > and < \k\idt\\k > can be evaluated to give 

<Afc|J3|Afc> = j{-l + \k\l){l + \k\l?'-' 
<Xk\idt\Xk> = j{XkXl-XkK){l + XkXlf'~-' . 

Using the above expressions, equation ( P7| ) becomes 

< Xk\e-'^3J3\Xk+i > ^ ^^^r >^k\9J3 + idt\Xk> , 
< Xk\Xk > < AfclAfc > 

and hence 

J Jo < Xk\Xk > 

where dfi{X) is a path integral measure over A-space. 
Introducing the stereographic coordinates, we write 

A = e*'^tan-, O^n 
2' ^ 
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which gives 

1-AA* 



cos 6 



1 + AA* 

: -Ol-cosO)^. (36) 



1 + AA* 

Setting further dfi{X) to be the path integral measure over S"^ where 




dijL{\) = \j —d{cos6)d(j) (37) 
we finally obtain 

Z = trje-'^'^-^' = J d(cos9)d4>exp{-ij dt{{l - cosO)^ -gcos9)} . 

(38) 

Our above construction, which was carried out for the specific case of — 

5*^ can be carried out for any Grassmannian Grm associated with SU{n). 

Now we consider evaluating the path integral given in equation (0). In a 
given representation j, J3 takes values from —j to j in integer steps. Hence 
the trace formula in ( p8D just implies that 

-rj. , sin(2? + l)^ , , 

J,=-j sinf 

On the other hand, the path integral formula can be evaluated using a semi- 
classical approximation as follows. We consider a particle that starts at a 
point, say 6 = 6q and = 0, at time t = and ends at the same point at 
time t = T. We observe that to the classical action 

rT 



So = j / (it[(cos^^ — 1)0 — (7 COS^] 
Jo 



can be added the "topological" term Si = n dt<j) without changing the 
classical equations of motion. Furthermore, n has to be integer valued for 
consistency, namely, for A(f) = 0(T) — 0(0) to be replaced by A0 + 2tt and 
not change the partition function. Similarly j has to be an integer or half 
integer because 

gii/s2'^ = e*^''^' = 1 . 
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Using the variable z = cos6, the classical equations of motion are 



z = 

= 1. (40) 

Then with the topological term, 

^classical = ~(j + n)T . 

The fluctuations around the classical path P„ also contribute to the par- 
tition function. This contribution can be evaluated by expanding the ac- 
tion around Sn and using determinant formulas in (^-function regularisation 
scheme. After some calculations we find that these fluctuations contribute a 
factor of to the partition function which cancels against a similar factor 
in the path integral measure d^. Thus we have 



cosy icZ0e 



We further note that the action as given in (pq) is unbounded from below if 
n is allowed to take negative integer values. Hence we restrict n to posive 
values only, that is, n > 0. However in our formulation above, the analytic 
manifold we are considering is not the entire manifold S"^ itself but only an 
analytic patch covering part of it, namely its northern hemisphere. To cover 
S"^ fully we need another analytic patch similar to the one above obtained 
by A ^ and in that patch the requirement of boundedness of action in j 
restricts to be n < 0. Thus all possible paths on S"^ are taken into account if 
we evaluate the path integrals on both these patches with the corresponding 
restrictions on n. 



We find that 



e 



-iTgj ^Tgn _^ ^Tgj ^ ^-iTgn 

n>0 n<0 
-iTgj ATgj 



1 - 1 _ 

The above summation results in 



+ ^-rw. ■ (41) 



^ (42) 



sm^ 
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which is the same answer that one gets by evaluating the trace formula. 

It is also easy to check that if instead of working with coherent states 
arising from a lowest weight state, namely \j, —j > we had started with an 
arbitrary state \j,m >, —j<m<j, all our results will still hold. The 
key remark is that the potential term in the Hamiltonian would now be 
—mgcosO, while the symplcctic potcntail would still remain j{cos6 — 1)0. 
The classical equations for (p would thus change. 

5. Pcirtition Function for 

We will now repeat the path integral formulation of the partition func- 
tion for the Hamiltonian associated with the two dimensional disc D"^. As 
remarked in section 2, the Hamiltonian for the system is taken to be the op- 
erator Kq belonging to the CSA of the non compact group SU{1, 1), whose 
Lie algebra is given by 

{Ko,K±) = ±X± (43) 

with its representations labelled by an integer k. The Casimir invariant for 
SU{1, 1) is given by 

C2 = Kl-\ {K+K. + K_K+) . (44) 

As remarked earlier in section 2, upon quantisation, these generators can be 
considered as quantum operators. Then the states are given by the eigenvec- 
tors of the operator Kq and are labelled by the corresponding eigenvalues /x, 
i. e. 

Xol^, A* >— A*l^) A* > (45) 

where /i — k + m, m — 0,1, ■ ■ ■ , and /c = 1, |, 2, |, • • • . Furthermore, the 
generators K± and Kq can be represented in terms of harmonic oscillator 
operators: 

X_ = ab 

Ko = ^{a^a + b^b + 1) (46) 
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with a\ h\ a, and b being the creation and annihilation operators of two 
harmonic oscillators. The states can now be labelled by the occupation 
numbers m and n of these oscillators: 

|m,n>=^^^|lEl^|0,0> . (47) 
\/m\n\ 

The states |n + no, n > with fixed no form a basis for the irreducible repre- 
sentations labelled by X = i(l + |no|). 

Now, as before, we will define the coherent states as an example when 

|A>=e^-^+|l,0> (48) 
and calculate < \\0\\>, O — 1, Kq and df. Noting that 

< l,0|(X_)-i(X+)-^|l,0>- (ni)!(ni + l)!5,,,„, (49) 

we get 

<A|A> = < l,0|e^*^-e"-^+|l,0 > 

oo 

= ^(n + l)(zz*)« 



= {l-zz*)-^. (50) 
Similarly after a straightforward calculation we get 

< Ali^olA > ^ l + zz* 
<\\\> ~l-zz* ^ ' 

and thus the partition function 

Z = trkC-''^^ (52) 

can be constructed as before where H = qKq and the eigenvalues of Kq are 

given hy KQ — n-\-k with n = 0, 1, 2, . . . and A; = 1, |, 2, We will discuss 

later the range of k. 

Introducing the coordinates z — e"^tanh|, the partition function can be 
written as 

Z = JH dntexp{-ik j\<j){cosh0 - 1) - cosh^) - iSi} (53) 
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where dfit = \/^^d{cosh.9t) d(f)t is the path integral measure and 5*1 



T An' 

n Jq dt(j), n an integer, is a topological term analogous to the one introduced 
for the case of 5*^. Note that 6 ranges over all real values. However, using the 
phase angle in the definition of z, the ranges of 9 and z can be restricted 
to < < oo and Q < z <1 which describes a two dimensional disc D^. 

Now an analysis similar to that of previous section can be carried out for 
the case of SU{1, 1) group which is isomorphic to the two dimensional disc 
D^. This time there is only one patch to consider and the result again is 
exact and of the form expected from the Weyl character formula. 

Evaluating the partition function given by the trace formula in (|5^) gives 



^ ^-imn+k) ^ - ^^^^ 



-iTg(k-^) 



sm^ 



On the other hand, the path integral formula in (|53D can be evaluated by 
semiclassical method as before. After some calculations we find that the 
fluctuations around the classical solutions contribute a factor of \/ ^ to the 
partition function which cancels against a similar factor in the path integral 
measure dfif Summing the contributions of classical solutions in various 
"winding sectors" finally gives 

iTg(k-l) 

Z = 2i ^— (55) 

sin^ 

which is the same answer as before upto a constant factor. 

The parameter k has to be an integer or half integer because of the fact 
that square integrable functions on do not exist but automorphic forms 
do; that is, the scalar product 



J dzdz*{l - zz*f^-^f*{z)f{z) 



implies that 4fc > 2 and k has to be integer or half integer valued if one 
requires single valuedness under the action of SU(1, 1): 



f{z)^{cz + dyf{ 



,,az + 6, 



cz + d' 



with ad — he = 1. For a discussion of these issues, we refer to [O] 



14 



We observe that the expression obtained by semiclassical methods is ex- 
act. Moreover the form in which the result appears is what one expects from 
the Weyl character formula. 

6. Discussions 

In this work, we have considered the symplectic structure and the Hamil- 
tonian for certain class of manifolds and described how they provide examples 
of localisation formula. This is achieved by obtaining the path integral rep- 
resentation for certain operators using coherent state techniques. Evaluating 
these path integrals by semi classical methods give rise to Weyl character 
formula and give exact results. 

In particular, we consider in detail the manifolds S'^ and D^. For the first 
case, we find it necessary to divide the manifold into two analytic patches and 
to restrict the windings in each sector to one particular direction. With these 
restrictions the semi classical method of evaluating the partition function 
gives an exact answer. 

For we find the eigenvalues of the Hamiltonian to be labelled by 
fi = k + m, m = 0, 1, • ■ ■, where /c = 1, |, 2, |, ■ ■ ■. If /c = | were allowed, 
it would have corresponded to the harmonic oscillator. As such, we do not 
fully understand the physical system that might correspond to. 

We have obtained the Weyl character formula for the above two cases 
using coherent state techniques. It would be very interesting to extend these 
methods and to obtain the Weyl character formula for any given coset G/H 
as well. 
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